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COMPOSITION OPERATORS ON SOBOLEV SPACES AND
EIGENVALUES OF DIVERGENT ELLIPTIC OPERATORS
V. GOL’DSHTEIN, V. PCHELINTSEV, A. UKHLOV
Abstract. We study spectral properties of the divergence form elliptic oper-
ators −div[A(z)∇f(z)] with the Neumann boundary condition in (non)convex
domains Ω ⊂ C. The suggested method is based on the composition operators
on Sobolev spaces with applications to the Poincaré inequalities.
1. Introduction
In this paper we give applications of the geometric theory of composition op-
erators on Sobolev spaces to spectral problems of the A-divergent form elliptic
operators with the Neumann boundary condition:
(1.1) LA = −div[A(z)∇f(z)], z = (x, y) ∈ Ω, ∂f
∂n
∣∣∣∣
∂Ω
= 0,
in the wide class of (non)convex domains Ω ⊂ C with A ∈ M2×2(Ω). We denote,
by M2×2(Ω), the class of all 2 × 2 symmetric matrix functions A(z) = {akl(z)},
detA = 1, with measurable entries satisfying the uniform ellipticity condition
(1.2)
1
K
|ξ|2 ≤ 〈A(z)ξ, ξ〉 ≤ K|ξ|2 a.e. in Ω,
for every ξ ∈ C, where 1 ≤ K <∞. Such type elliptic operators in divergence form
arise in various problems of mathematical physics (see, for example, [6]).
The suggested method is based on connection between composition operators
on Sobolev spaces and quasiconformal mappings. We prove that quasiconformal
mapping ϕ : Ω→ Ω′ agreed with the matrix A (A-quasiconformal mapping) if and
only if ¨
Ω
〈A(z)∇f(ϕ(z)),∇f(ϕ(z))〉 dxdy =
¨
Ω′
〈∇f(w),∇f(w)〉 dudv.
This theorem generalizes the well known property of conformal mappings gener-
ate the isometry of uniform Sobolev spaces L12(Ω) and L
1
2(Ω
′) (see, for example, [11])
and refines (in the case n = 2) the functional characterization of quasiconformal
mappings in the terms of isomorphisms of uniform Sobolev spaces [33].
Spectral estimates of elliptic operators represent an important part of the modern
spectral theory (see, for example, [2, 3, 7, 9, 12, 13, 14, 28]). The classical upper
estimate for the first non-trivial Neumann eigenvalue of the Laplace operator (the
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A-divergent form elliptic operator with the matrix A = I)
µ1(I,Ω) := µ1(Ω) ≤ µ1(Ω∗) =
j′21,1
R2∗
was proved by Szegö [31] for simply connected planar domains via a conformal
mappings technique ("the method of conformal normalization"). In this inequality
j′1,1 denotes the first positive zero of the derivative of the Bessel function J1 and
Ω∗ is a disc of the same area as Ω with R∗ as its radius.
In convex domains Ω ⊂ Rn, n ≥ 2, the classical lower estimates of the Neumann
eigenvalues of the Laplace operator [30] state that
(1.3) µ1(Ω) ≥ π
2
d(Ω)2
,
where d(Ω) is a diameter of a convex domain Ω. Similar estimates for the non-linear
p-Laplace operator, p 6= 2, were obtained much later in [13].
Unfortunately for non-convex domains µ1(Ω) can not be characterized in the
terms of its Euclidean diameters. It can be seen by considering a domain consisting
of two identical squares connected by a thin corridor [10]. In the previous works
[19, 21, 24] we returned to a (quasi)conformal mappings techniques (that was used
in [31]) in a framework of composition operators on Sobolev spaces [32, 33, 35]. It
permitted us to obtain lower estimates of the first non-trivial Neumann eigenvalue
µ1(Ω) in the terms of the hyperbolic (conformal) radius of Ω for a large class of
(non)convex domains Ω ⊂ R2.
The composition operators method allows to reduce the spectral problem for the
divergence form elliptic operator (1.1) defined in a simply connected domain Ω ⊂ C
to a weighted spectral problem for the Laplace operator in the unit disc D ⊂ C. By
the chain rule for the function f(z) = g ◦ ϕ(z) [25], we have
(1.4) − div[A(z)∇f(z)] = −div[A(z)∇g(ϕ(z))] = − ∣∣J(w,ϕ−1)∣∣−1∆g(w),
where J(w,ϕ−1) denotes the Jacobian of the inverse mapping ϕ−1 : D→ Ω.
As an example we consider the divergent form operator −div[A(z)∇f(z)] with
the matrix
A(z) =
( a+b
a−b 0
0 a−ba+b
)
, a > b ≥ 0,
defined in the interior of ellipse Ωe with semi-axes a+ b and a− b. By Theorem 4.2
we have
µ1(A,Ωe) ≥
(j′1,1)
2
a2 − b2 ,
what is better (Example 4.3) then the lower estimated obtained by using the clas-
sical estimate (1.3) and the uniform ellipticity condition:
µ1(A,Ωe) ≥ π
2
4(a+ b)2
a− b
a+ b
.
For thin ellipses, i.e a + b fixed and (a − b) tends to zero an asymptotic of our
estimate is ∞ when for the classical one it is 0.
The application of the composition operators theory to spectral problems of the
A-divergent form elliptic operators is based on reducing of a positive quadratic form
ds2 = a11(x, y)dx
2 + 2a12(x, y)dxdy + a22(x, y)dy
2
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defined in a planar domain Ω, by means of a quasiconformal change of variables,
to the canonical form
ds2 = Λ(du2 + dv2), Λ 6= 0, a.e. in Ω′,
given that a11a22 − a212 ≥ κ0 > 0, a11 > 0, almost everywhere in Ω [1, 6, 8].
Note that this fact can be extended to linear operators of the form div[A(z)∇f(z)],
z = x+ iy, for matrix function A ∈M2×2(Ω).
Let ξ(z) = ℜ(ϕ(z)) be a real part of a quasiconformal mapping ϕ(z) = ξ(z) +
iη(z), which satisfies to the Beltrami equation:
(1.5) ϕz(z) = µ(z)ϕz(z), a.e. in Ω,
where
ϕz =
1
2
(
∂ϕ
∂x
− i∂ϕ
∂y
)
and ϕz =
1
2
(
∂ϕ
∂x
+ i
∂ϕ
∂y
)
,
with the complex dilatation µ(z) is given by
(1.6) µ(z) =
a22(z)− a11(z)− 2ia12(z)
det(I +A(z))
, I =
(
1 0
0 1
)
.
We call this quasiconformal mapping (with the complex dilatation µ defined by
(1.6)) as an A-quasiconformal mapping.
Note that the uniform ellipticity condition (1.2) can be reformulated as
(1.7) |µ(z)| ≤ K − 1
K + 1
, a.e. in Ω.
Conversely, using the complex dilatation µ we can obtain from (1.6) (see, for
example, [6], p. 412) the following representation of the matrix A :
(1.8) A(z) =
(
|1−µ|2
1−|µ|2
−2 Imµ
1−|µ|2
−2 Imµ
1−|µ|2
|1+µ|2
1−|µ|2
)
, a.e. in Ω.
So, given any A ∈ M2×2(Ω), one produced, by (1.7), the complex dilatation
µ(z), for which, in turn, the Beltrami equation (1.5) induces a quasiconformal
homeomorphism ϕ : Ω→ ϕ(Ω) as its solution, by the Riemann measurable mapping
theorem (see, for example, [1]). We will say that the matrix function A induces the
corresponding A-quasiconformal homeomorphism ϕ or that A and ϕ are agreed.
The A-quasiconformal mapping ψ : Ω → D of simply connected domain Ω ⊂ C
onto the unit disc D ⊂ C can be obtained as a composition of A-quasiconformal
homeomorphism ϕ : Ω→ ϕ(Ω) and a conformal mapping ω : ϕ(Ω) → D.
So, by the given an A-divergent form elliptic operator defined in a domain Ω ⊂ C
we construct an A-quasiconformal mapping ψ : Ω → D with a metric quasiconfor-
mality coefficient
K =
1 + ‖µ | L∞(Ω)‖
1− ‖µ | L∞(Ω)‖ ,
where µ defined by (1.6).
On this base, using applications of quasiconformal mappings to the Sobolev
type embedding theorems [18, 22], we prove discreteness of the spectrum of the
divergence form elliptic operators −div[A(z)∇f(z)] with the Neumann boundary
condition and we obtain lower estimates of Neumann eigenvalues in the terms of
integrals of derivatives of A-quasiconformal mappings. Note that Ω ⊂ C equipped
with quasiconformal geometry can be considered as a Riemannian manifold and so
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these estimates of Neumann eigenvalues closely connected to spectral estimates of
the Beltrami-Laplace operator.
2. Sobolev spaces and A-quasiconformal mappings
Let E ⊂ C be a measurable set on the complex plane and h : E → R be a
positive a.e. locally integrable function i.e. a weight. The weighted Lebesgue space
Lp(E, h), 1 ≤ p <∞, is the space of all locally integrable functions with the finite
norm
‖f |Lp(E, h)‖ =
¨
E
|f(z)|ph(z) dxdy

1
p
<∞.
The two-weighted Sobolev space W 1,p(Ω, h, 1), 1 ≤ p < ∞, is defined as the
normed space of all locally integrable weakly differentiable functions f : Ω → R
endowed with the following norm:
‖f |W 1,p(Ω, h, 1)‖ = ‖f |Lp(Ω, h)‖+ ‖∇f | Lp(Ω)‖.
In the case h = 1 this weighted Sobolev space coincides with the classical Sobolev
space W 1,p(Ω).
The seminormed Sobolev space L1,p(Ω), 1 ≤ p < ∞, is the space of all locally
integrable weakly differentiable functions f : Ω → R endowed with the following
seminorm:
‖f | L1,p(Ω)‖ = ‖∇f | Lp(Ω)‖, 1 ≤ p <∞.
We also need a weighted seminormed Sobolev space L1,2A (Ω) (associated with
the matrix A), defined as the space of all locally integrable weakly differentiable
functions f : Ω→ R with the finite seminorm given by:
‖f | L1,2A (Ω)‖ =
¨
Ω
〈A(z)∇f(z),∇f(z)〉 dxdy

1
2
.
The corresponding Sobolev space W 1,2A (Ω) is defined as the normed space of
all locally integrable weakly differentiable functions f : Ω → R endowed with the
following norm:
‖f |W 1,2A (Ω)‖ = ‖f |L2(Ω)‖+ ‖f | L1,2A (Ω)‖.
These Sobolev spaces are closely connected with quasiconformal mappings. Re-
call that a homeomorphism ϕ : Ω→ Ω′, where Ω, Ω′ ⊂ C, is called aK-quasiconformal
mapping if ϕ ∈ W 1,2loc (Ω) and there exists a constant 1 ≤ K <∞ such that
|Dϕ(z)|2 ≤ K|J(z, ϕ)| for almost all z ∈ Ω.
An important subclass of quasiconformal mappings represent the class of bi-
Lipschitz mappings. Note that a homeomorphism ϕ : Ω → Ω′ is said to be an
L-bi-Lipschitz if it satisfies the double inequality
(2.1)
1
L
|z − z′| ≤ |ϕ(z)− ϕ(z′)| ≤ L|z − z′|,
whenever z, z′ ∈ Ω. The smallest L ≥ 1 for which (2.1) holds is called the isometric
distortion of ϕ. It is known (see, for example, [34]) that each L-bi-Lipschitz mapping
ϕ is L2-quasiconformal.
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Conversely we have the following connection between quasiconformal and bi-
Lipschitz mappings:
Lemma 2.1. Let ϕ : Ω→ Ω′ be a K-quasiconformal mapping such that |J(z, ϕ)| =
1 for almost all z ∈ Ω. Then ϕ is locally √K-bi-Lipschitz a.e. in Ω.
Proof. Since ϕ : Ω → Ω′ is a K-quasiconformal mapping the ϕ is differentiable
almost everywhere in Ω and we have
|Dϕ(z)|2 ≤ K|J(z, ϕ)| for almost all z ∈ Ω.
Because |J(z, ϕ)| = 1 a.e. in Ω we obtain
lim
z′→z
|ϕ(z)− ϕ(z′)|
|z − z′| = |Dϕ(z)| ≤
√
K for almost all z ∈ Ω.
Hence, ϕ is locally L-Lipschitz a.e. in Ω with L ≤ √K.
On the other hand, it is known that the inverse mapping to ϕ is again K-
quasiconformal. So, ϕ−1 is also locally L-Lipschitz a.e. in Ω with L ≤ √K. Hence,
ϕ is locally
√
K-bi-Lipschitz a.e. in Ω.

Now we prove a connection between composition operators on Sobolev spaces and
the A-quasiconformal mappings that refine (in the case n = 2) the corresponding
assertion of [33].
Theorem 2.2. Let Ω,Ω′ be domains in C. Then a homeomorphism ϕ : Ω → Ω′
is an A-quasiconformal mapping if and only if ϕ induces, by the composition rule
ϕ∗(f) = f ◦ ϕ, an isometry of Sobolev spaces L1,2A (Ω) and L1,2(Ω′):
‖ϕ∗(f) |L1,2A (Ω)‖ = ‖f |L1,2(Ω′)‖
for any f ∈ L1,2(Ω′).
Proof. Sufficiency. We prove that if ϕ : Ω → Ω′ is an A-quasiconformal mapping
then the composition operator
ϕ∗ : L1,2(Ω′)→ L1,2A (Ω), ϕ∗(f) = f ◦ ϕ
is an isometry. Let f ∈ L1,2(Ω′) be a smooth function. Then the composition
g(z) = f ◦ϕ(z) is defined on Ω and is weakly differentiable almost everywhere in Ω
[33]. Let us check that g(z) = f ◦ ϕ(z) belongs to the Sobolev space L1,2A (Ω). By
the chain rule [34] we have
‖g |L1,2A (Ω)‖ =
¨
Ω
〈A(z)∇(f ◦ ϕ(z)),∇(f ◦ ϕ(z))〉 dxdy

1
2
=
¨
Ω
|∇f |2(ϕ(z))|J(z, ϕ)|dxdy

1
2
=
¨
Ω′
|∇f |2(w)dudv

1
2
= ‖f |L1,2(Ω′)‖.
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Let f ∈ L1,2(Ω′) be an arbitrary function. Then there exists a sequence {fk},
k = 1, 2, ... of smooth functions such that fk ∈ L1,2(Ω′),
lim
k→∞
‖f − fk | L1,2(Ω′)‖ = 0
and {fk} converges to f a.e. in Ω′.
Denote by gk = fk ◦ ϕ, k = 1, 2, ... . Then
‖gk − gl |L1,2A (Ω)‖ = ‖fk − fl |L1,2(Ω′)‖, k, l ∈ N,
and because the sequence {fk} converges in L1,2(Ω′) then the sequence {gk} con-
verges in L1,2A (Ω).
Note that quasiconformal mappings possess the N−1-Luzin property. It means
that the preimage of a set of zero measure has measure zero. So, the sequence
gk = fk ◦ ϕ converges to g = f ◦ ϕ a.e. in Ω and hence in L1,2A (Ω).
Therefore
‖ϕ∗(f) |L1,2A (Ω)‖ = ‖f |L1,2(Ω′)‖
for any f ∈ L1,2(Ω′).
Necessity. Suppose that the composition operator
ϕ∗ : L1,2(Ω′)→ L1,2A (Ω)
is an isometry, i.e.
(2.2)
¨
Ω
〈A(z)∇(f ◦ ϕ(z)),∇(f ◦ ϕ(z))〉 dxdy =
¨
Ω′
|∇f |2(w)dudv.
Because the matrix A satisfies the uniform ellipticity condition (1.2) then by
(2.2) we have
1
K
¨
Ω
|∇(f ◦ ϕ(z))|2 dxdy ≤
¨
Ω
〈A(z)∇(f ◦ ϕ(z)),∇(f ◦ ϕ(z))〉 dxdy
=
¨
Ω′
|∇f |2(w)dudv.
Hence the following inequality¨
Ω
|∇(f ◦ ϕ(z))|2 dxdy

1
2
≤ K 12
¨
Ω′
|∇f |2(w) dudv

1
2
holds for any f ∈ L1,2(Ω′).
So, by [33] we can conclude that the mapping ϕ : Ω → Ω′ will be a K-
quasiconformal mapping. Hence, by [1] ϕ will be a solution of the Beltrami equation
(2.3) ϕz(z) = ν(z)ϕz(z), a.e. in Ω
with some complex dilatation ν(z), |ν(z)| < 1 a.e. in Ω.
Now we consider the matrix B generated by the complex dilatation ν(z):
B(z) =
(
|1−ν|2
1−|ν|2
−2 Im ν
1−|ν|2
−2 Im ν
1−|ν|2
|1+ν|2
1−|ν|2
)
, a.e. in Ω.
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Then ϕ is a B-quasiconformal mapping. Because ϕ defined by (2.3) we have finally
(2.4)
¨
Ω
〈B(z)∇(f ◦ ϕ(z)),∇(f ◦ ϕ(z))〉 dxdy =
¨
Ω′
|∇f |2(w)dudv
for any f ∈ L1,2(Ω′).
Now using the equalities (2.2) and (2.4) we obtain
¨
Ω
〈A(z)∇g(z),∇g(z)〉 dxdy =
¨
Ω
〈B(z)∇g(z),∇g(z)〉dxdy
for any g ∈ L1,2A (Ω). It means that Hilbert spaces W 1,2A (Ω) and W 1,2B (Ω) coincide.
Therefore A = B and µ = ν a.e. in Ω. 
Next, we set the following property for A-quasiconformal mappings.
Lemma 2.3. Let ϕ : Ω → D be an A-quasiconformal mapping. Then the inverse
mapping ψ = ϕ−1 : D→ Ω is A−1-quasiconformal.
Proof. Let ϕ : Ω→ D be an A-quasiconformal mapping with the matrix A defined
by the formula (1.8), i.e.
A(z) =
(
|1−µ(z)|2
1−|µ(z)|2
−2 Imµ(z)
1−|µ(z)|2
−2 Imµ(z)
1−|µ(z)|2
|1+µ(z)|2
1−|µ(z)|2
)
, a.e. in Ω.
By [1] it is known that the complex dilatation for the inverse mapping ϕ−1 :
D→ Ω satisfies
µϕ−1(w) = −νϕ ◦ ϕ−1(w) for almost all w ∈ D,
where
νϕ =
ϕz
ϕz
=
(
ϕz
|ϕz |
)2
µϕ, a.e. in Ω
is called the second complex dilatation of ϕ.
Hence, the matrix B induces by the complex dilatation µϕ−1 of the inverse
mapping ϕ−1 has the form
B(w) =
 |1+νϕ◦ϕ−1|21−|νϕ◦ϕ−1|2 2 Im(νϕ◦ϕ−1)1−|νϕ◦ϕ−1|2
2 Im(νϕ◦ϕ
−1)
1−|νϕ◦ϕ−1|2
|1−νϕ◦ϕ
−1|2
1−|νϕ◦ϕ−1|2
 , a.e. in D.
Because detB = 1, |µϕ(z)| = |µϕ−1(w)|, Imµϕ = − Im(νϕ ◦ ϕ−1) for almost all
z ∈ Ω and almost all w = ϕ(z) ∈ D we have
A(z)B(ϕ(z)) = I for almost all z ∈ Ω.
Therefore we conclude that B(w) = A−1(ϕ−1(w)) for almost all w ∈ D and
A−1(z) = B(ϕ(z)) for almost all z ∈ Ω.

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3. Poincaré-Sobolev inequalities
Denote by Br,2(D), 1 < r <∞, the best constant in the (non-weighted) Poincaré-
Sobolev inequality in the unit disc D. Exact calculations of Br,2(D), r 6= 2, is an
open problem and we use the upper estimate (see, for example, [16, 24]):
Br,2(D) ≤
(
2−1π
) 2−r
2r (r + 2)
r+2
2r .
On the basis of Theorem 2.2 we prove an universal weighted Poincaré-Sobolev
inequality which holds in any simply connected planar domain with non-empty
boundary. Denote by h(z) = |J(z, ϕ)| the quasihyperbolic weight defined by an
A-quasiconformal mapping ϕ : Ω→ D.
Theorem 3.1. Let A be a matrix satisfies the uniform ellipticity condition (1.2)
and Ω be a simply connected planar domain. Then for any function f ∈ W 1,2A (Ω)
the weighted Poincaré-Sobolev inequality
inf
c∈R
¨
Ω
|f(z)− c|rh(z)dxdy

1
r
≤ Br,2(h,A,Ω)
¨
Ω
〈A(z)∇f(z),∇f(z)〉 dxdy

1
2
holds for any r ≥ 1 with the constant Br,2(h,A,Ω) = Br,2(D).
Proof. Because Ω is a simply connected planar domain, then there exists [1] an
µ-quasiconformal homeomorphism ϕ : Ω→ D with
µ(z) =
a22(z)− a11(z)− 2ia12(z)
det(I +A(z))
,
wihich is a A-quasiconformal mapping.
Hence by Theorem 2.2 the equality
(3.1) ||f ◦ ϕ−1 |L1,2(D)|| = ||f |L1,2A (Ω)||
holds for any function f ∈ L1,2A (Ω).
Denote by h(z) := |J(z, ϕ)| the quasihyperbolic weight in Ω. Now using the
change of variable formula for the quasiconformal mappings [34], the equality (3.1)
and the classical Poincaré-Sobolev inequality for the unit disc D [29]
inf
c∈R
¨
D
|f ◦ ϕ−1(w) − c|rdudv

1
r
≤ Br,2(D)
¨
D
∇(f ◦ ϕ−1(w))dudv

1
2
that holds for any r ≥ 1, we obtain that for any smooth function f ∈ L1,2A (Ω)
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inf
c∈R
¨
Ω
|f(z)− c|rh(z)dxdy

1
r
= inf
c∈R
¨
Ω
|f(z)− c|r|J(z, ϕ)|dxdy

1
r
= inf
c∈R
¨
D
|f ◦ ϕ−1(w)− c|rdudv

1
r
≤ Br,2(D)
¨
D
∇(f ◦ ϕ−1(w))dudv

1
2
= Br,2(D)
¨
Ω
〈A(z)∇g(z),∇f(z)〉dxdy

1
2
.
Approximating an arbitrary function f ∈W 1,2A (Ω) by smooth functions we obtain
finally
inf
c∈R
¨
Ω
|f(z)− c|rh(z)dxdy

1
r
≤ Br,2(h,A,Ω)
¨
Ω
〈A(z)∇f(z),∇f(z)〉dxdy

1
2
,
with the constant
Br,2(h,A,Ω) = Br,2(D) ≤
(
2−1π
) 2−r
2r (r + 2)
r+2
2r .

Now we describe domains that admit spectral estimates of the divergence form
elliptic operators −div[A(z)∇f(z)]. In this case we need more sharp restrictions on
domains than assumptions of [21]. Namely, we say that a simply connected Ω ⊂ C
is called an A-quasiconformal β-regular domain, β > 1, if¨
D
|J(w,ϕ−1)|β dudv <∞,
where ϕ : Ω → D is an A-quasiconformal mapping. Because (see, for example,
[1]) A-quasiconformal mappings ϕ : Ω → D are defined up to conformal automor-
phisms of D, this definition doesn’t depend on a choice of ϕ and depends on the
quasihyperbolic geometry of Ω only. Note, that if β = 1 then¨
D
|J(w,ϕ−1)| dudv = |Ω| <∞
for any domain Ω ⊂ C with |Ω| <∞. Integrability of Jacobians of quasiconformal
mappings with exponent β > 1 requires additional restrictions on geometry of
domains. In [23] it was proved that if Ω ⊂ C is an A-quasiconformal β-regular
domain, β > 1, then Ω has a finite geodesic diameter. Hence, "maze-like" domains
[20, 27] are not A-quasiconformal β-regular domains.
Ahlfors domains [1] (quasidiscs [34]) represent an important subclass of A-quasi-
conformal β-regular domains. Moreover, in these domains spectral estimates can
be specified in terms of the quasiconformal geometry of domains (Section 5).
Let Ω ⊂ C be an A-quasiconformal β-regular domain, then by embedding theo-
rems (see, for example, [29]) the quasiconformal mappings ϕ−1 : D → Ω belong to
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the Hölder space Hγ(D) with γ = 1− 1/β and so Ω be a Gehring type domain [5]
and satisfies the quasihyperbolic boundary condition [27].
Note that for quasiconformal mappings ϕ−1 : D→ Ω
Jϕ−1(w) := lim
r→0
|ϕ−1(B(w, r))|
|B(w, r)| = |J(w,ϕ
−1)|
for almost all w ∈ D.
In the following theorem we give the Sobolev type embedding theorem with
estimates of the norm of the embedding operator.
Theorem 3.2. Let A be a matrix satisfies the uniform ellipticity condition (1.2)
and Ω be an A-quasiconformal β-regular domain. Then:
(1) the embedding operator
iΩ : W
1,2
A (Ω) →֒ Ls(Ω)
is compact for any s ≥ 1;
(2) for any function f ∈ W 1,2A (Ω) and for any s ≥ 1, the Poincaré–Sobolev
inequality
inf
c∈R
‖f − c | Ls(Ω)‖ ≤ Bs,2(A,Ω)‖f | L1,2A (Ω)‖
holds with the constant
Bs,2(A,Ω) ≤ B βs
β−1
,2(D)‖Jϕ−1 | Lβ(D)‖
1
s ,
where Jϕ−1 is a Jacobian of the quasiconformal mapping ϕ
−1 : D→ Ω.
Proof. Let s ≥ 1. Since Ω is an A-quasiconformal β-regular domain, then there ex-
ists an A-quasiconformal mapping ϕ : Ω→ D satisfies the condition of β-regularity:¨
D
∣∣J(w,ϕ−1)∣∣β dudv <∞.
Hence [36] the composition operator for Lebesgue spaces
ϕ∗ : Lr(D) → Ls(Ω)
is bounded for r/(r − s) = β i.e. for r = βs/(β − 1).
By Theorem 2.2 A-quasiconformal mappings ϕ : Ω → D generate a bounded
composition operator on seminormed Sobolev spaces
(ϕ−1)∗ : L1,2A (Ω) → L1,2(D).
Because the matrix A satisfies to the uniform ellipticity condition (1.2) then the
norm of Sobolev space W 1,2A (Ω) is equivalent to the norm of Sobolev space W
1,2(Ω)
and by [21] we obtain that the composition operator on normed Sobolev spaces
(ϕ−1)∗ : W 1,2A (Ω)→W 1,2(D), (ϕ−1)∗(f) = f ◦ ϕ−1,
is bounded.
Therefore according to the "transfer" diagram [18] we obtain that the embedding
operator
iΩ : W
1,2
A (Ω) →֒ Ls(Ω)
is compact as a composition of three operators: the bounded composition operator
on Sobolev spaces (ϕ−1)∗ : W 1,2A (Ω)→W 1,2(D), the compact embedding operator
iD : W
1,2(D) →֒ Lr(D)
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and the bounded composition operator on Lebesgue spaces ϕ∗ : Lr(D) → Ls(Ω).
Let s = β−1β r then by [21] the inequality
(3.2) ||f |Ls(Ω)|| ≤
¨
D
∣∣J(w,ϕ−1)∣∣β dudv

1
β
· 1
s
||f |Lr(Ω, h)||
holds for any function f ∈ Lr(Ω, h).
Using Theorem 3.1 and inequality (3.2) we have
inf
c∈R
¨
Ω
|f(z)− c|sdxdy

1
s
≤
¨
D
∣∣J(w,ϕ−1)∣∣βdudv

1
β
· 1
s
inf
c∈R
¨
Ω
|f(z)− c|rh(z)dxdy

1
r
≤ Br,2(D)
¨
D
∣∣J(w,ϕ−1)∣∣βdudv

1
β
· 1
s
¨
Ω
〈A(z)∇f(z),∇f(z)〉dxdy

1
2
for s ≥ 1. 
The following theorem gives compactness of the embedding operator in the limit
case β =∞:
Theorem 3.3. Let A be a matrix satisfies the uniform ellipticity condition (1.2)
and Ω be an A-quasiconformal ∞-regular domain. Then:
(1) The embedding operator
iΩ : W
1,2
A (Ω) →֒ L2(Ω),
is compact.
(2) For any function f ∈W 1,2A (Ω), the Poincaré–Sobolev inequality
inf
c∈R
‖f − c | L2(Ω)‖ ≤ B2,2(A,Ω)‖f | L1,2A (Ω)‖
holds with the constant B2,2(A,Ω) ≤ B2,2(D)
∥∥Jϕ−1 | L∞(D)∥∥ 12 , where Jϕ−1
is a Jacobian of the quasiconformal mapping ϕ−1 : D→ Ω.
Remark 3.4. The constant B22,2(D) = 1/µ1(D), where µ1(D) = j
′2
1,1 is the first
non-trivial Neumann eigenvalue of Laplacian in the unit disc D ⊂ C.
Proof. Since Ω is an A-quasiconformal ∞-regular domain, then there exists an A-
quasiconformal mapping ϕ : Ω→ D that generates a bounded composition operator
(ϕ−1)∗ : L1,2A (Ω) → L1,2(D).
Using the embedding L1,2(D) ⊂ L2(D) (see, for example, [29]) we obtain that the
composition operator on normed Sobolev spaces
(ϕ−1)∗ : W 1,2A (Ω)→W 1,2(D)
is bounded also.
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Because Ω is an A-quasiconformal∞-regular domain, then the A-quasiconformal
mapping ϕ : Ω→ D satisfies the following condition:∥∥Jϕ−1 | L∞(D)∥∥ = ess sup
|w|<1
|J(w,ϕ−1)| <∞,
and we have that the composition operator
ϕ∗ : L2(D)→ L2(Ω)
is bounded [36].
Finally, note that in the unit disc D the embedding operator
iD : W
1,2(D) →֒ L2(D)
is compact (see, for example, [29]). Therefore the embedding operator
iΩ : W
1,2
A (Ω)→ L2(Ω)
is compact as a composition of bounded composition operators ϕ∗, (ϕ−1)∗ and the
compact embedding operator iD.
Let a function f ∈ L2(Ω). Because quasiconformal mappings possess the Luzin
N -property, then |J(z, ϕ)|−1 = |J(w,ϕ−1)| for almost all z ∈ Ω and for almost all
w = ϕ(z) ∈ D. Hence the following inequality is correct:
inf
c∈R
¨
Ω
|f(z)− c|2dxdy

1
2
= inf
c∈R
¨
Ω
|f(z)− c|2|J(z, ϕ)|−1|J(z, ϕ)| dxdy

1
2
≤
∥∥Jϕ | L∞(Ω)∥∥− 12 inf
c∈R
¨
Ω
|f(z)− c|2|J(z, ϕ)| dxdy

1
2
.
By Theorem 3.1 we obtain
inf
c∈R
¨
Ω
|f(z)− c|2dxdy

1
2
≤ ∥∥Jϕ−1 | L∞(D)∥∥ 12 inf
c∈R
¨
D
|g(w) − c|2 dudv

1
2
≤ B2,2(D)
∥∥Jϕ−1 | L∞(D)∥∥ 12
¨
Ω
〈A(z)∇f(z),∇f(z)〉dxdy

1
2
,
for any f ∈ L1,2A (Ω).

4. Eigenvalue Problem for Neumann Divergence Form Elliptic
Operator
We consider the weak formulation of the Neumann eigenvalue problem (1.1):
(4.1)
¨
Ω
〈
A(z)∇f(z),∇g(z)
〉
dxdy = µ
¨
Ω
f(z)g(z) dxdy, ∀g ∈ W 1,2A (Ω).
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By the Min–Max Principle (see, for example, [26]) the first non-trivial Neumann
eigenvalue µ1(Ω) of the divergence form elliptic operator LA = −div[A(z)∇f(z)]
can be characterized as
µ1(A,Ω) = min
‖f | L1,2A (Ω)‖2‖f | L2(Ω)‖2 : f ∈ W 1,2A (Ω) \ {0},
¨
Ω
f dxdy = 0
 .
Hence µ1(A,Ω)
− 1
2 is the best constant B2,2(A,Ω) in the following Poincaré in-
equality
inf
c∈R
‖f − c | L2(Ω)‖ ≤ B2,2(A,Ω)‖f | L1,2A (Ω)‖, f ∈ W 1,2A (Ω).
Theorem 4.1. Let A be a matrix satisfies the uniform ellipticity condition (1.2)
and Ω be an A-quasiconformal β-regular domain. Then the spectrum of the Neu-
mann divergence form elliptic operator LA in Ω is discrete, and can be written in
the form of a non-decreasing sequence:
0 = µ0(A,Ω) < µ1(A,Ω) ≤ µ2(A,Ω) ≤ . . . ≤ µn(A,Ω) ≤ . . . ,
and
1
µ1(A,Ω)
≤ B 2β
β−1
,2(D)‖Jϕ−1 | Lβ(D)‖ ≤
4
β
√
π
(
2β − 1
β − 1
) 2β−1
β ∥∥Jϕ−1 | Lβ(D)∥∥,
where Jϕ−1 is a Jacobian of the quasiconformal mapping ϕ
−1 : D→ Ω.
Proof. By Theorem 3.2 in the case s = 2, the embedding operator
iΩ : W
1,2
A (Ω)→ L2(Ω)
is compact. Hence the spectrum of the Neumann divergence form elliptic operator
LA is discrete and can be written in the form of a non-decreasing sequence
0 = µ0(A,Ω) < µ1(A,Ω) ≤ µ2(A,Ω) ≤ . . . ≤ µn(A,Ω) ≤ . . . .
By the Min-Max principle and Theorem 3.2 we have
inf
c∈R
¨
Ω
|f(z)− c|2dxdy
 ≤ B22,2(A,Ω)¨
Ω
〈A(z)∇f(z),∇f(z)〉dxdy,
where
B2,2(A,Ω) ≤ Br,2(D)
¨
D
∣∣J(w,ϕ−1)∣∣β dudv

1
2β
.
Hence
1
µ1(A,Ω)
≤ B2r,2(D)
¨
D
∣∣J(w,ϕ−1)∣∣β dudv

1
β
.
Using the upper estimate of the (r, 2)-Poincaré constant in the unit disc (see, for
example, [16, 24])
Br,2(D) ≤
(
2−1π
) 2−r
2r (r + 2)
r+2
2r ,
where by Theorem 3.2, r = 2β/(β − 1), we obtain
1
µ1(A,Ω)
≤ 4
β
√
π
(
2β − 1
β − 1
) 2β−1
β ∥∥Jϕ−1 | Lβ(D)∥∥.
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
In the case of A-quasiconformal ∞-regular domains we have:
Theorem 4.2. Let A be a matrix satisfies the uniform ellipticity condition (1.2)
and Ω be an A-quasiconformal ∞-regular domain. Then the spectrum of the Neu-
mann divergence form elliptic operator LA in Ω is discrete, and can be written in
the form of a non-decreasing sequence:
0 = µ0(A,Ω) < µ1(A,Ω) ≤ µ2(A,Ω) ≤ . . . ≤ µn(A,Ω) ≤ . . . ,
and
(4.2)
1
µ1(A,Ω)
≤ B22,2(D)
∥∥Jϕ−1 | L∞(D)∥∥ = ∥∥Jϕ−1 | L∞(D)∥∥(j′1,1)2 ,
where j′1,1 ≈ 1.84118 denotes the first positive zero of the derivative of the Bessel
function J1, and Jϕ−1 is a Jacobian of the quasiconformal mapping ϕ
−1 : D→ Ω.
As an applications of Theorem 4.2 we consider some examples.
Example 4.3. The homeomorphism
ϕ(z) =
a
a2 − b2 z −
b
a2 − b2 z, z = x+ iy, a > b ≥ 0,
is an A-quasiconformal and maps the interior of ellipse
Ωe =
{
(x, y) ∈ R2 : x
2
(a+ b)2
+
y2
(a− b)2 = 1
}
onto the unit disc D. The mapping ϕ satisfies the Beltrami equation with
µ(z) =
ϕz
ϕz
= − b
a
and the Jacobian J(z, ϕ) = |ϕz |2 − |ϕz|2 = 1/(a2 − b2). It is easy to verify that µ
induces, by formula (1.8), the matrix function A(z) form
A(z) =
(a+b
a−b 0
0 a−ba+b
)
.
Given that |J(w,ϕ−1)| = |J(z, ϕ)|−1 = a2 − b2. Then by Theorem 4.2 we have
1
µ1(A,Ωe)
≤ 1
(j′1,1)
2
ess sup
|w|<1
|J(w,ϕ−1)| = a
2 − b2
(j′1,1)
2
.
The classical estimate 1.3 with the uniform ellipticity condition states that
µ1(A,Ωe) ≥ π
2
4(a+ b)2
a− b
a+ b
and we have that
π2
4(a+ b)2
a− b
a+ b
<
(j′1,1)
2
a2 − b2 .
Example 4.4. The homeomorphism
ϕ(z) =
z
3
2√
2 · z 12
− 1, ϕ(0) = −1, z = x+ iy,
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is an A-quasiconformal and maps the interior of the “rose petal"
Ωp :=
{
(ρ, θ) ∈ R2 : ρ = 2
√
2 cos(2θ), −π
4
≤ θ ≤ π
4
}
onto the unit disc D. The mapping ϕ satisfies the Beltrami equation with
µ(z) =
ϕz
ϕz
= −1
3
z
z
and the Jacobian J(z, ϕ) = |ϕz|2 − |ϕz |2 = 1. We see that µ induces, by formula
(1.8), the matrix function A(z) form
A(z) =
(
|3z+z|2
8|z|2
3
4 Im
z
z
3
4 Im
z
z
|3z−z|2
8|z|2
)
.
Given that |J(w,ϕ−1)| = |J(z, ϕ)|−1 = 1. Then by Theorem 4.2 we have
1
µ1(A,Ωp)
≤ 1
(j′1,1)
2
ess sup
|w|<1
|J(w,ϕ−1)| = 1
(j′1,1)
2
.
The classical estimate 1.3 with the uniform ellipticity condition states that
µ1(A,Ωp) ≥
(π
4
)2
and we have that (π
4
)2
< (j′1,1)
2 or
π
4
< j′1,1.
Example 4.5. The homeomorphism
ϕ(z) =
2 · z 38
z
1
8
− 1, ϕ(0) = −1, z = x+ iy,
is an A-quasiconformal and maps the interior of the non-convex domain
Ωc :=
{
(ρ, θ) ∈ R2 : ρ = cos4
(
θ
2
)
, −π ≤ θ ≤ π
}
onto the unit disc D. The mapping ϕ satisfies the Beltrami equation with
µ(z) =
ϕz
ϕz
= −1
3
z
z
and the Jacobian
J(z, ϕ) = |ϕz|2 − |ϕz |2 = 1
2 · |z| 32 .
We see that µ induces, by formula (1.8), the matrix function A(z) form
A(z) =
(
|3z+z|2
8|z|2
3
4 Im
z
z
3
4 Im
z
z
|3z−z|2
8|z|2
)
.
Given that |J(w,ϕ−1)| = |J(z, ϕ)|−1 = 2 · |z| 32 . Then by Theorem 4.2 we have
1
µ1(A,Ωc)
≤ 1
(j′1,1)
2
ess sup
|w|<1
|J(w,ϕ−1)| ≤ 2
(j′1,1)
2
.
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5. Spectral estimates in quasidiscs
In this section we precise Theorem 4.1 for Ahlfors-type domains (i.e. quasidiscs)
using the weak inverse Hölder inequality and the sharp estimates of the constants
in doubling conditions for measures generated by Jacobians of quasiconformal map-
pings [19].
Recall that a domain Ω is called a K-quasidisc if it is the image of the unit disc
D under a K-quasiconformal homeomorphism of the plane onto itself. A domain Ω
is a quasidisc if it is a K-quasidisc for some K ≥ 1.
According to [15], the boundary of any K-quasidisc Ω admits a K2-quasiconfor-
mal reflection and thus, for example, any quasiconformal homeomorphism ψ : D→
Ω can be extended to a K2-quasiconformal homeomorphism of the whole plane to
itself.
Recall that for any planar K-quasiconformal homeomorphism ψ : Ω → Ω′ the
following sharp result is known: J(w,ψ) ∈ Lploc(Ω) for any 1 ≤ p < KK−1 ([4, 17]).
In [19] was proved but not formulated the result concerning an estimate of the
constant in the inverse Hölder inequality for Jacobians of quasiconformal mappings.
Theorem 5.1. Let ψ : R2 → R2 be a K-quasiconformal mapping. Then for every
disc D ⊂ R2 and for any 1 < κ < KK−1 the inverse Hölder inequality¨
D
|J(w,ψ)|κ dudv

1
κ
≤ C
2
κKπ
1
κ
−1
4
exp
{
Kπ2(2 + π2)2
2 log 3
}¨
D
|J(w,ψ)| dudv
holds. Here
Cκ =
106
[(2κ− 1)(1− ν)]1/2κ , ν = 10
8κ 2κ− 2
2κ− 1(24π
2K)2κ < 1.
If Ω is a K-quasidisc, then given the previous theorem and that a quasiconformal
mapping ψ : D → Ω allows K2-quasiconformal reflection [1, 15], we obtain the
following assertion.
Corollary 5.2. Let Ω ⊂ R2 be aK-quasidisc and ϕ : Ω→ D be an A-quasiconformal
mapping. Assume that 1 < κ < KK−1 . Then¨
D
|J(w,ϕ−1)|κ dudv

1
κ
≤ C
2
κK
2π
1
κ
−1
4
exp
{
K2π2(2 + π2)2
2 log 3
}
· |Ω|.
where
Cκ =
106
[(2κ− 1)(1 − ν)]1/2κ , ν = 10
8κ 2κ− 2
2κ− 1(24π
2K2)2κ < 1.
Combining Theorem 4.1 and Corollary 5.2 we obtain spectral estimates of linear
elliptic operators in divergence form with Neumann boundary conditions in Ahlfors-
type domains.
Theorem 5.3. Let Ω be a K-quasidisc. Then
µ1(A,Ω) ≥ M(K)|Ω| =
M∗(K)
R2∗
,
where R∗ is a radius of a disc Ω
∗ of the same area as Ω and M∗(K) = M(K)π−1.
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The quantity M(K) depends only on a quasiconformality coefficient K of Ω:
M(K) :=
π
K2
exp
{
−K
2π2(2 + π2)2
2 log 3
}
inf
1<β<β∗
{(
2β − 1
β − 1
)− 2β−1
β
C−2β
}
,
Cβ =
106
[(2β − 1)(1− ν(β))]1/2β ,
where β∗ = min
(
K
K−1 , β˜
)
, and β˜ is the unique solution of the equation
ν(β) := 108β
2β − 2
2β − 1(24π
2K2)2β = 1.
The function ν(β) is a monotone increasing function. Hence for any β < β∗ the
number (1− ν(β)) > 0 and Cβ > 0.
Proof. Given that, for K ≥ 1, K-quasidiscs are A-quasiconformal β-regular do-
mains if 1 < β < KK−1 . Therefore, by Theorem 4.1 for 1 < β <
K
K−1 we have
(5.1)
1
µ1(A,Ω)
≤ 4
β
√
π
(
2β − 1
β − 1
) 2β−1
β ∥∥Jϕ−1 | Lβ(D)∥∥.
Now, using Corollary 5.2 we estimate the quantity ‖Jϕ−1 |Lβ(D)‖. Direct calcula-
tions yield
(5.2) ‖Jϕ−1 |Lβ(D)‖ =
¨
D
|J(w,ϕ−1)|β dudv

1
β
≤ C
2
βK
2π
1−β
β
4
exp
{
K2π2(2 + π2)2
2 log 3
}
· |Ω|.
Finally, combining inequality (5.1) with inequality (5.2) after some computations,
we obtain
1
µ1(A,Ω)
≤ C
2
βK
2
π
(
2β − 1
β − 1
) 2β−1
β
exp
{
K2π2(2 + π2)2
2 log 3
}
· |Ω|.

Let ϕ : Ω→ Ω′ be quasiconformal mappings. We note that there exist so-called
volume-preserving maps, i.e. |J(z, ϕ)| = 1, z ∈ Ω. Examples of such maps were
considered in the previous section. Now we construct another examples of such
maps.
Let f ∈ L∞(R). Then ϕ(x, y) = (x+ f(y), y) is a quasiconformal mapping with
a quasiconformality coefficient K = λ/Jϕ(x, y). Here λ is the largest eigenvalue of
the matrix Q = DDT , whereD = Dϕ(x, y) is Jacobi matrix of mapping ϕ = ϕ(x, y)
and Jϕ(x, y) = detDϕ(x, y) is its Jacobian.
It is easy to see that the Jacobi matrix corresponding to the mapping ϕ = ϕ(x, y)
has the form
D =
(
1 f ′(y)
0 1
)
.
QUASICONFORMAL MAPPINGS AND NEUMANN EIGENVALUES 18
A basic calculation implies Jϕ(x, y) = 1 and
λ =
(
1 +
(f ′(y))
2
2
)1 +√√√√1− 4(
2 + (f ′(y))
2
)2
 .
Therefore any mapping ϕ = ϕ(x, y) is a quasiconformal mapping from R2 → R2
with Jϕ(x, y) = 1 and arbitrary large quasiconformality coefficient.
We can use their restrictions ϕ|D to the unit disc D. Images can be very exotic
quasidiscs.
If a > 0 then mappings ϕ(x, y) = (ax+ f(y), 1ay) have similar properties.
In this case we obtain lower estimates of the first non-trivial Neumann eigenvalues
of the divergent form elliptic operator LA in A-quasiconformal β-regular domains
via the Poincaré constant for the unit disc D.
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